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Abstract: In this paper we have considered closed trajectories of a particle on a two-torus
where the loops are noncontractible (poloidal and toroidal loops and knots embedded on a regular
torus). We have calculated Hannay angle and Berry phase for particle traversing such loops and
knots when the torus itself is adiabatically revolving. Since noncontractible loops do not enclose
any area Stokes theorem has to be applied with caution. In our computational scheme we have
worked with line integrals directly thus avoiding Stokes theorem.
(1) Introduction:
Classical limit to quantum phenomena is much more than a naive ~→ 0. In this context the relation
between two geometrical objects, Berry phase [1] in quantum regime and Hannay angle [2] in classical
domain is indeed fascinating and has generated a lot of interest in theoretical and experimental
physics. Quite interestingly, contrary to common occurrences, Berry phase (the quantum effect)
was discovered first which was followed by its classical counterpart, Hannay angle and the delicate
issue of identifying the latter as a semi-classical limit of the former was rigorously settled by Berry
[3]. As a quantum system traverses a closed loop in parameter space the anholonomy, (in Hilbert
space where the system lives), is responsible of the appearance of Berry phase. On the other hand,
Hannay angle is generated by anholonomy in the trajectory of the classical system in physical
configuration space (or more generally in the abstract action-angle manifold).
An important generalization to multi-dimensional systems, (consisting of more than one degrees
of freedom), where the quantum system in classical limit can show chaotic behavior, was performed
by Robbins in [4] (hereafter referred to as JR). Precursors to this work are [5] where physical effects of
(the classical limit of) geometric 2-form manifests in a Lorentz force form of ”geometric magnetic”
force 1. However, an interesting question, as pointed out in [7], was whether the classical limit
1This turned out to be the anti-symmetric partner of ”deterministic friction”, a dissipative force proposed by
1
ar
X
iv
:1
90
5.
03
49
1v
1 
 [q
ua
nt-
ph
]  
9 M
ay
 20
19
of geometric phase can appear directly from adiabatic cyclic transformations of classical chaotic
systems. Early ideas that proposed the importance of geometric phases were the Pancharatnam
phase and Aharanov-Bohm phase [8]. An exhaustive list of theoretical and experimental works are
found in [9]. We list in [10] some recent applications of Berry Phase in areas related to quantum
computation. Applications of Hannay angle in diverse fields (both theoretical and experimental)
are mentioned in [11].
The present work deals with explicit evaluation and comparison of Hannay angle and Berry phase
for the classical problem of a particle moving in closed trajectories on the surface of a two-torus
and in its quantum version respectively. The problem is a non-trivial extension of the conventional
one: geometric phase for particle on a sphere. The difference lies in the fact that on the sphere, a
genus zero manifold, all closed non-intersecting loops are contractible whereas the torus, a genus
one manifold, admits non-contractible loops of two varieties, toroidal and poloidal (to be explained
later) as well as loops with knots.
In this context it will be worthwhile to discuss a little more in detail the basic results of JR [4]
since our work can be thought of as a special case of JR where the system is reduced to a single
degree of freedom. The n-degrees of freedom classical Hamiltonian systems in JR is ergodic on the
(2n−1)-dimensional energy shell in phase space 2. A particle restricted to move on a loop constitute
a single degree of freedom special case where the (connected) energy shell coincides with the classical
orbit. Furthermore, the framework of JR has the added advantage that (adiabatic) variations in the
Hamiltonian are interpreted as unitary and canonical transformations in the quantum and classical
cases respectively. A special case that is of relevance is adiabatic rotations for which the generators
are the components of angular rotation. A key feature for a many particle sytem is to introduce
a micro-canonical averaged variable, eg. angular momentum < L >E
3 for a given energy E that
amounts to < L >E= 2vA/C where where v is the (constant) velocity, C is the length of the loop
and A = (A1, A2, A3) is the vector of projected areas of the loop onto the coordinate planes.
The results of JR apply to systems for which the adiabatic rotations are a particular case; it is
shown that the classical limit of the Berry one-form applied to angular velocity w (regarded as a
tangent vector in the parameter space of rotations) is given by − < L >E •w, where < L >E is
the microcanonical average of the angular momentum, and E corresponds to the quantum number
n via the semiclassical quantization rule. The Hannay one-form is then shown to be the derivative
of the classical limit of the Berry one-form with respect to the classical action. Expressions for
the Berry and Hannay two-forms are also given in JR. A free particle constrained to move on a
closed loop is an example of such a system. Since the Berry one-form is linear in the classical
action per unit mass vC/2, one gets that the Hannay 1-form applied to angular velocity wˆ as
−4piA • wˆ/C2. Under an adiabatic 2pi-rotation with fixed angular velocity w, the Hannay angle is
given by 8pi2A • wˆ/C2, where wˆ is the unit vector along the axis of rotation. Thus Hannay angle
Wilkinson [6].
2An informal way to define ergodicity is that the system finishes by being more or less everywhere in phase space
if one waits long enough.
3The definition of a generic f is given in [4], < f >E= (1/∂EΩ)
∫
dz δ(E − h)f(z,R) where the normalization
is the phase space volume on the energy shell ∂EΩ =
∫
dz δ(E − h) satisfying h(z,R) = E. The total phase space
volume inside the E-shell Ω(E) =
∫
dz δ(E − h) is independent of R.
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corresponds to a displacement along the loop of length
d = −4piA • wˆ/C. (1)
Let us note that this result corroborates nicely with a general statement by Hannay [12] as follows,
”(Hannay) angle, or rather the associated shift, for a general rigid rotation of a general loop (planar
or not) in space about a fixed axis is (4pi times) the projected area of the loop onto a plane
perpendicular to the rotation axis divided by the length of the loop”. This is also true for the Berry
phase in the limit that the quantum particle is strictly confined to the loop.
Let us now clarify the perspective of our analysis. Conventionally Berry phase or Hannay angle
are expressed in terms of area (or solid angle) associated with the closed path since in generic
examples the closed loops or cycles are taken to be bounding cycles meaning that they enclose an
area in R (or in a surface embedded in R). Subsequently Stokes law is applied to introduce the
area enclosed by the loop to finally reproduce the well known results in question, i.e. anholonomy,
Berry Phase or Hannay angle. In standard examples one considers the parameter space to be S2 in
R on which all closed loops are bounding. We will always talk about non-self-intersecting loops4.
It appears that a straightforward application of Stokes theorem to convert line integrals to
surface integrals (to get Hannay angle and Berry phase in the well known forms) is problematic
since the non-contractible loops on a torus do not enclose any area. For the anholonomy on a torus
it is possible to use the following prescription [13]: To define enclosed area by noncontractable
loops (in order to apply Stokes theorem) a generalization has been suggested by Hannay [12] where
one has to consider a reference loop in conjunction with the loop in question and join them by
a thin neck. A comment about the reference loop is in order. We point out that on a compact
two-dimensional non-simply-connected Riemannian manifold, each homotopy class of closed loops
contains at least one geodesic, for which the holonomy necessarily vanishes. Hence it is natural to
choose the geodesic as the reference loop. In the line integral the contribution of the neck cancels out
and one is left with only the contribution of the loop in study. The advantage is that this extended
loop structure encloses an area in the conventional way so that Stokes theorem can, in principle,
be applied for closed paths with knots (and unknots). We, on the other hand, have computed the
translational anholonomy following the line integral approach in [13].
Surfaces having ”handles” allows such possibility of noncontractible loops, torus being the sim-
plest such example of a surface. Toroidal (fixed θ) and poloidal (fixed φ) loops (see Figure 1) or a
combination of both in the form of knot or unknot are examples of noncontractible cycles [14]. In
this paper we will consider the dynamical problem of a particle traversing these cycles on a slowly
revolving torus and compute the associated Hannay angle and Berry phase in classical and quantal
scenarios respectively. Very recently classical and quantum dynamics of particle on torus has gener-
ated a lot of interest [15]. (Earlier important works where particle dynamics on torus is relevant are
cited in [15].) In this context it needs to be pointed out that even though the specific trajectories
are noncontractible still what matters is the contractibility and anholonomy (or its absence) of the
parameter space, which in the presented examples is still S1, ie. space of rotations about a fixed
axis. Hence, following the formalism mentioned below, it is still possible to determine the Hannay
angle the surface spanned by a specific surface. For the particle constrained to move on a closed loop
4I thank Professor Berry for pointing this out.
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in R3, one may consider the parameter space to be SO(3), the space of all rotations. Note that all
cycles of 2pi-rotations about a fixed axis, regarded as closed curves in SO(3), are homotopic to each
other. The result (1) shows that Hannay angle vanishes for rotation about an axis p perpendicular
to A. Then it is possible to reproduce Hannay angle for a complete rotation about an arbitrary
axis n by the integral of the curvature over any surface spanned between rotations about p and n.
Incidentally for an explicit example having vanishing curvature but non-vanishing holonomy (see
[16]).
According to correspondence principle the spectral invariants of a quantum system are related
to invariant manifolds of classical system. For classical ergodicity the motion is confined to 2n− 1-
dimensional constant energy shell and for integrable systems these are reduced to invariant tori.
For our system consisting of a single particle moving on a loop, (for connected energy shell), the
constant energy manifold gets identified with the particle trajectory.
Before going to the nitty-gritty of the present work let us emphasize that the present, apparently
artificial looking model of a point particle sliding on a revolving torus, is not of purely academic
interest. in fact it has similarities with a general area of interest, i.e. time dependent Aharonov-
Bohm effect (see for example [17, 18, 19]). As pointed out in [17] explicit time dependence in
a multiply connected coordinate space induces some amount of ambiguity in defining physical
variables. In fact [19] specifically studies Stokes theorem in similar context and reveals a surprising
result that Stokes theorem can be satisfied only in a particular gauge. These studies are important
in the context of recent practical applications [20].
The paper is organized as follows. In Section 2 Hannay angle [2] is computed for particle
dynamics on a revolving torus loop from two different frameworks [3]). Then in Section 3, we
will derive the Berry phase [1] for the corresponding quantal cases and comment upon the formula
derived by Berry that connects the two geometric objects [3]. In Section 4 we will conclude with
mentioning directions for further study.
(2) Noncontractible loops and Hannay angle
In [2] Hannay has studied motion of a particle sliding frictionlessly on a planar hoop of arbitrary
shape. Simultaneously the hoop itself is also revolving about an axis perpendicular to the plane
of the hoop. Hannay angle is the difference between positions of the particle on the hoop, with
and without revolution of the hoop itself. This geometric object depends only on the area enclosed
by the hoop. Stokes theorem can be used (although it is not essential) to show the result for an
irregular hoop. In the present work we extend the analysis to a particle moving on a regular torus
with the torus itself revolving in space. The hoop has a first homotopy group pi1(hoop) ≈ Z1
whereas for the torus it is pi1(torus) ≈ Z1×Z1 hence the extension is non-trivial due to the nature
of noncontractable loops.
The generic relation d/dt |space= d/dt |body +Ω× [2] connects time derivatives of a vector between
static frame and a frame rotating with Ω. Applied to the position r of a unit mass particle we find
p |space= p |body +Ω× r, where momenta of a unit mass particle are related. Action, i.e. the line
integral around the loop, is an adiabetic invariant given by,
I =
1
2pi
∮
p • dr =
1
2pi
∮
(r˙ + Ω× r) • dr . (2)
If Stokes theorem is applicable, the second term is expressed as 2Ω • A/L where A and L are the
4
Figure 1: Red and black directions refer to poloidal (θ) and toroidal (φ) directions. Parameters c
and a for a toroidal surface are shown.
area enclosed by the loop and length of the loop respectively. This term leads to the shift in angle
for the particle motion ∆θ = −8pi2A/L2 that is the Hannay angle [2]. However in the present work
we will use the line integral prescription since we focus on noncontractible loops.
In an alternative way the Hannay angle was revealed by Berry [3] by considering Newtonian
dynamics with Euler pseudo forces that operate in the non-inertial rotating (torus) frame. It can
be shown [3]
s¨(t) = t • (−Ω× (Ω× r)− Ω˙× r) = dr(s(t))
ds
• (Ω2r− (Ω.r)Ω− Ω˙× r) (3)
where s(t) is an arc length measured from a specific point on the loop and t is the unit tangent
vector. The Coreolis force ∼ Ω × r˙ does not appear since the particle is restricted to move in a
fixed path and this force is normal to the path. Two integrations lead to the implicit solution,
s(t) = s0 + p0t+
∫ t
0
dt′(t− t′)F (t′, s) (4)
where we have clubbed together all the terms of RHS of (3) as F (t). Restricting to small Ω and
Ω˙ meaning that the particle completes the circuit many times in time T during which the loop
revolves only once, the s-dependence can be averaged out to give
s(T ) = s0 + p0T +
∫ T
0
dt′ [
1
L
∫ L
0
ds(t− t′)F (t′, s)]. (5)
The s or equivalently angle averaging corresponds to the adiabetic principle [21]. With proper
scaling the last term in RHS of (5) reproduces the anholonomy or Hannay angle. Below we will
exploit both (2) and (5) to compute Hannay angles for different noncontractible loops on torus.
(2.1) Toroidal loops: For toroidal loops (see Figure 1) θ = θ0 is fixed,
r ≡ {(c+ a cosθ0)cosφ, (c+ a cosθ0)sinφ, a sinθ0}; Ω ≡ {Ω1, Ω2, Ω3}. (6)
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We find ∮
(Ω× r) • dr =
∫ 2pi
0
dφ[−Ω2a sinθ0sinφ− Ω1a sinθ0cosφ+ Ω3(c+ a cosθ0)]
= 2pi(c+ a cosθ0)
2Ω3 ≡ 2AΩ3 (7)
where A denotes area of the loop - a circle with radius c + a cosθ0. The last form is similar to
the structure in [2] for a circular hoop since qualitatively toroidal loops with fixed θ0 is same as a
circular hoop. Due to anholonomy, the (spatial) average speed is greater by 2AΩ3/L and for small
Ω one equates spatial average to time average. Hence over a single revolution of the loop in Ω3,∫ T
0
Ω3dt = 2pi and the extra distance traversed is −4piA/L. Equivalently the extra angle (Hannay
angle) is obtained by scaling by 2pi/L to get
∆Θ = −8pi
2A
L2
. (8)
For circular loop this is simply −2pi. The fact the Hannay angle depends only on Ω3 agrees with
the general statement of Hannay [12] since the toroidal loop in horizontal plane has zero projection
on planes perpendicular to Ω1 and Ω2.
Now from Berry’s method, for (6) with t = {−sinφ, cosφ, 0} we get from (3)
s¨ =
1
2
(c+ acosθ0)(Ω
2
2 − Ω21)sin(2φ) + Ω1Ω2(c+ acosθ0)cos(2θ) + aΩ3sinθ0(Ω2cosφ− Ω1sinφ)
+asinθ0(Ω˙2sinφ+ Ω˙1cosφ)− (c+ acosθ0)Ω˙3. (9)
Only the last term with Ω˙3 will survive the loop averaging to yield
∆s = −
∫ T
0
dt′(T − t′)(c+ acosθ0)Ω˙3.
Using
∫ T
0
dt′(T − t′)Ω˙3 = 2pi we recover
∆s = −2pi(c+ a cosθ0). (10)
Now ∆Θ = (2pi/L)∆s = −2pi. Note that this result is a straightforward extension of the hoop
result since the closed path considered here for fixed θ = θ0 is similar to the motion along a hoop.
(2.2) Poloidal loops: For poloidal loops φ = φ0 fixed leading to∮
(Ω× r) • dr =
∫ 2pi
0
dθ[−Ω2(a cosφ0 − c cosθcosφ0) + Ω1(a sinφ0 + c cosθsinφ0)]
= 2pia2(Ω1sinφ0 − Ω2cosφ0) ≡ 2A¯(Ω1sinφ0 − Ω2cosφ0). (11)
Here also the general statement of Hannay [12] is satisfied since the poloidal loop in vertical plane
has vanishing projection on a plane perpendicular to Ω3 and Hannay angle depends only on Ω1 and
Ω2. The axial symmetry is absent which generates a φ0-dependent result. For only non-zero Ω1 the
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anholonomy will vanish for φ0 = 0, pi because these two loops are on the axis of rotation of the loop
and so do not experience the rotation effect. If either Ω1 or Ω2 is non-vanishing the Hannay angle
follows similar arguments. However, if both Ω1 and Ω2 are non-vanishing the above argument is
extended to
∫ T˜
0
Ω1dt = 2pin1,
∫ T˜
0
Ω2dt = 2pin2 with n1, n2 being smallest integers that satisfy the
condition that the torus returns to itself after revolution. Hence the Hannay angle is
∆Θ = −8pi
2A¯
L2
(n1sinφ0 − n2cosφ0). (12)
Notice that Hannay angle disappears for n1sinφ0 = n2cosφ0. Hannay angle for poloidal cycle, an
example of noncontractible loop of a different type, is a new and one of our major results.
We can deduce the same result utilizing Berry’s arguments where t ≡ {−cosφ0sinθ, sinφ0sinθ, cosθ}.
We get
s¨ = −(Ω21cos2φ0 + Ω22sin2φ0 + Ω1Ω2sin(2φ0))(c+ a cosθ)sinθ
+
1
2
aΩ23sin(2θ) + (Ω1cosφ0 + Ω2sinφ0)Ω3(c cosθ + a cos(2θ))− c Ω2sinθ
−(Ω˙1sinφ0 − Ω˙2cosφ0)(a+ c cosθ). (13)
Only the a-term in the last expression survives the θ-integration and same procedure as discussed
in the toroidal case will yield (12).
(2.3) p, q Torus knot: The angle variables are parameterized by φ→ pφ, θ → qφ with 2pi ≥ φ ≥ 0,
with ω = q/p. From the position vector,
r ≡ {(c+ acosqφ)cospφ; (c+ acosqφ)sinpφ; x3 = asinqφ} (14)
we compute ∮
Ω× r • dr =
∫ 2pi
0
dφ pΩ3(c+ acosqφ)
2 = p(2c2 + a2)piΩ3. (15)
Total length of the (p, q)-knot is
L =
∫ 2pi
0
dφ = [(
dx1
dφ
)2 + (
dx2
dφ
)2 + (
dx3
dφ
)2]1/2 = a
∫ 2pi
0
dφ[q2 + p2(n+ cosqφ)2]1/2 (16)
and an approximate form can be obtained from the average of the maximum and minimum value
of the expression:
L ≈ pia([q2 + p2(n+ 1)2]1/2 + [q2 + p2(n− 1)2]1/2) (17)
Hence a form of the Hannay angle is,
∆Θ = −2pi
2
L2
p(2c2 + a2)pi. (18)
The involved nature of the unit tangent vector makes the computation more involved in Berry’s
framework,
t ≡ 1
[q2a2 + p2(c+ acosqφ)2]1/2]
7
{(−aq sinqφ cospφ−p((c+acosqφ)sinpφ), (−q sinqφ sinpφ+p((c+acosqφ)cospφ), q acosqφ}. (19)
For the special case Ω = Ω3kˆ, (since we have seen from (15) that only Ω3 contributes),
s¨ = − p(c+ acosqφ)
2
[q2a2 + p2(c+ acosqφ)2]1/2
Ω˙3 − (c+ acosqφ)aqsinqφ
[q2a2 + p2(c+ acosqφ)2]1/2
Ω23 (20)
and it is clear that only the first term (∼ Ω˙3) will survive the loop integration. Comparing with
(15) the structures are obviously similar but we do not pursue with this computation any further
and remain satisfied with (12) as the Hanny angle for the (p, q)-knot.
(3) Berry phase for noncontractible loops
From the knowledge of the quantum eigenstates of a system, the adiabatic phase γn accumulated
(for the n’th eigenstate ψn(r,X)) after one rotation of the system parameters X is given by [3],
γn = −Im
∫ 2pi
0
dX
∫ +∞
−∞
dx
∫ +∞
−∞
dy ψ∗n(r,X)
∂
∂X
ψn(r,X). (21)
The connection between Hannay angle ∆Θ and Berry phase γn was revealed in [3]:
∆Θ = −~ ∂
∂n
γn. (22)
Since non-zero Hannay angle guarantees a non-zero Berry phase this motivates us to look for the
latter in the present context.
The Hamiltonian for a particle in a frame rotating with Ω relative to an inertial frame can
be expressed as [22] H = 1
2
(p − Ω × r)2 − 1
2
(Ω × r)2, with an effective gauge field identified as
Aµ = {−1
2
(Ω× r)2,Ω× r}. However, in the present work, we have devised a new scheme to obtain
the wavefunctions in a rotating frame approximately where we solve the Schrodinger equation in a
static frame and then modify the variable to incorporate the rotating frame effect.
(3.1) Toroidal loop: For toroidal loop H reduces to
H =
1
2
p2φ
(c+ acosθ0)2
) =
1
2
p¯φ
2 (23)
where {pφ¯, φ¯ = (c + acosθ0)φ} constitute the canonical pair. For this rotor (on a static torus) the
eigenfunctions are
ψn(r, φ¯) = (a(r, φ¯)/
√
L)exp[2piinφ¯/L] = (a(r, φ¯)/
√
L)exp[2piin(c+ acosθ0)φ/L], (24)
where a2 has a δ-function like behavior being non-zero only on the path [3]. Now we modify the
static rotor wavefunction since the torus itself is rotating with Ω. Let us first introduce the arc
length s by using φ = 2pis/L,
ψn(r, φ¯) = (a(r, φ¯)/
√
L)exp[4pi2in(c+ acosθ0)s/L
2]. (25)
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Direction of the particle motion in toroidal loop is given by, s = sφˆ = s ∂r
∂φ
/ | ∂r
∂φ
|. Following our
earlier analysis in Section 2 [2]
ds
dt
→ (Ω× s) • rˆ = s(Ω× φˆ) • rˆ = − s(c+ acosθ0)Ω3√
c2 + a2 + 2cacosθ0
. (26)
The Berry phase is computed as
γn = −Im
∫ L
0
ds
∫ ∞
−∞
dx
∫ ∞
−∞
dy ψ∗n
∂
∂s
ψn = [
4pinA
L2
][
L√
c2 + a2 + 2cacosθ0
]
≈ [8pi
2nA
L2
][1− 1
2
a2sin2θ0
(c+ acosθ0)2
], (27)
where A = pi(c+acosθ0)
2 and we have taken time averaging for one complete revolution of the torus
1
2pi
∫ T
0
dtΩ3 = 1. The leading term agrees with the Hannay angle (8) in the thin torus limit c >> a.
(3.2) Poloidal loop: Coming to the poloidal loop H simplifies to
H =
1
2a2
p2θ =
1
2
p¯θ
2 (28)
with {pθ¯, θ¯ = aθ} being the canonical pair. Let us write the rotor ψn(r,X) as
ψn(r, φ¯) = (a(r, φ¯)/
√
L)exp[2piinθ¯/L] = (a(r, φ¯)/
√
L)exp[2piinaθ/L] (29)
For poloidal path the particle moves along s = sθˆ = s∂r
∂θ
/ | ∂r
∂θ
|. Once again the torus revolution
factor requires that s be replaced by
ds
dt
→ (Ω× s) • rˆ = s(Ω× θˆ) • rˆ = −s(a+ ccosθ)(Ω2cosφ0 − Ω1sinφ0)√
c2 + a2 + 2cacosθ
. (30)
It is interesting to note that the characteristic factor Ω2cosφ0−Ω1sinφ0 encountered earlier in (11)
has appeared. However notice that due to the θ-dependence in (30) the angular integral is nontrivial
giving the factor 2pic/a in the thin torus approximation. The Berry phase is obtained as
γn = −4pinA¯
L2
(n1sinφ0 − n2cosφ0)[2pi c
a
+ ...]. (31)
It is intriguing to note that, due to the non-trivial θ-integral, there is a mismatch between (12) and
(31) by the factor c/a, even in the thin torus limit. We will comment on this point in Section 4 at
the end.
(3.3) p, q Torus knot: The situation is much more complicated for the knot with
H =
p2φ
2f(φ)
, f(φ) = a2ω2 + (c+ acosωφ)2, (32)
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since the scaling needed for pφ to bring H to a canonical form is φ dependent and not numerical, (as
was the cases for toroidal and poloidal loops). On the other hand following [15] it is straightforward
to compute the eigenvalues and eigenfunctions, at least for cases with c >> a. The solution of the
Schrodinger equation for the wave function ψ =
√
fΣ can be obtained from
(
d2
dφ2
+ U(φ))Σ = 0 (33)
where
U(φ) =
2ff ′′ − (f ′)2
12f 2
+
2Ef
~2
, f ′ = df/dφ. (34)
Approximating for a thin torus, c >> a, we find
U(φ) ≈ λω
2
4
− ω
2
3σ
cos(ωφ) (35)
where λ = 8c
2E
~2ω2 , a/c = 1/σ. The equation is in the form of Mathieu equation. The energy
eigenvalues and eigenfunctions, to O(1/σ) are
En =
n2~2ω2
2c2q2
ψ
(n)
+ ≈ (c/σ)cos(nωφ/q) +O(1/σ2) = acos(nφ/p) +O(1/σ2),
ψ
(n)
− ≈ (c/σ)sin(nωφ/q) +O(1/σ2) = acos(nφ/p) +O(1/σ2) (36)
with periodicity 2pip in φ. Hence, following [3] we consider wavefunctions with proper periodicity,
of the form
ψn = (A/
√
L)exp[2piins/L]. (37)
To account for the revolution of the torus itself we go back to the knot parameterization (14)
with particle motion along s = sφˆ = s ∂r
∂φ
/ | ∂r
∂φ
|. (Note that this φˆ has to be derived from (14)
above and should not be confused with the φˆ used earlier for toroidal loop.) Following our earlier
analysis in Section 3 [2]
ds
dt
→ (Ω× s) • r/(| s || r |). (38)
We explicitly compute
(Ω× s) • r = a(c+acosqφ)[Ω1(p sinqφ cospφ− q sinpφ cosqφ)+Ω2(p sinqφ sinpφ+ q cospφ cosqφ)]
+a2qsin2qφ[−Ω1sinpφ+ Ω2cospφ] + Ω3p(c+ acosqφ)2, (39)
| s || r |= [a2q2 + (c+ acosqφ)2p2]1/2[a2 + c2 + 2accosqφ]1/2. (40)
Hence for c >> a (thin torus approximation) in the leading order the only surviving term in (38) is
the last term in rhs of (61) that is Ω3. The leading order result agrees with our previous result in
(15) where also only Ω3 contributed. We again exploit time averaging for one complete revolution
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of the torus to remove Ω3,
1
2pi
∫ T
0
dtΩ3 = 1. After this intermediate step, from (37), The Berry phase
turns out to be
γn = −Im
∫ 2pip
0
dX
∫ +∞
−∞
dx
∫ +∞
−∞
dy ψ∗n(r,X)
∂
∂X
ψn(r,X)
= −2pin
L2
∫ 2pip
0
dX
∫ L
0
ds
∂s
∂X
≈ − 2pin
(2pipc)2
(2pip)pic2. (41)
Indeed, the above is a crude approximation where we have considered the area enclosed by the
knot simply as a disc of radius c (since c >> a) but take length of loop as L ≈ 2picp, the c >> a
limit of (17) as the particle traversed the c-loop p times. In this limit the motion in the poloidal
direction becomes insignificant. This agrees with our previous result for Hannay angle (18) in the
limit c >> a.
(4) Conclusion and future directions
To summarize we have computed Hannay angle and Berry phase for noncontractible loops on a
slowly revolving torus The closed trajectories are in the form of toroidal and poloidal cycles and
knots (containing both these forms of loops). These type of loops have not been studied before in
the present context.
We have explicitly verified a general observation by Hannay concerning the relation between
Hannay angle, the loop itself and the rotation axis of the loop. The Hanny angles for particle
moving on noncontractible cycles when the torus itself is revolving are computed. We have used
two distinct frameworks suggested by Hannay [2] and Berry [7] and the results agree (albeit for
knots where we have indicated the agreement in leading order). A new and interesting result is that
there is more structure in the Hannay angle expression for poloidal loop, not anticipated earlier,
although the toroidal loop result is essentially similar to Hannay’s result for a planar hoop [2].
Next we have moved over to the quantum regime and calculated Berry phase corresponding to
the above paths. We have compared the Hanny angle and Berry phase by exploiting the relation
proved by Berry [7]. For toroidal loops (and for knots at a limit c >> a, c and a being the radii of
the toroidal circle and poloidal circle respectively) the results agree. However, in case of the poloidal
loop we observe that the Berry phase and Hannay angle differ by a factor ∼ c/a which needs to be
commented upon. We believe that the classical result (12) is correct and the fault presumably lies
with the result (31) computed in a semi-classical framework. A clear reason for this mismatch is
that, of all the non-contractible loops on a torus, all poloidal loops are topologically equivalent (they
can be simply slided along the inner surface to map one onto the other). Same is true for all toroidal
loops that can be slided on the outer surface. However, poloidal and toroidal loops are topologically
distinct since a poloidal loop can not be mapped onto a toroidal loop without cutting open the torus.
Obviously, in a qualitative way the toroidal loops are similar to the easier problem of particle on a
(irregular) hoop and so in these cases the semi-classical analysis suffices. On the other hand as we
have demonstrated the semi-classical framework is not sufficient for poloidal loops. Indeed, this is
not totally surprising but for the first time in the present work this difference has been exposed in
an explicit way. The need for a full quantum mechanical treatment, possibly utilizing the quantum
potential generated by the constrained dynamics of the particle (fixed path in configuration space)
becomes imperative. It appears that the general framework of such computation, as provided in
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[23], will be relevant in the present context. Since this, in itself, is an independent problem we have
not included it in the present work and it will be communicated in a future publication.
Let us list some of the interesting future directions of work.
(i) We are pursuing the quantum computation of the Berry phase for particle moving on a poloidal
loop taking in to account constrained motion of the particle in to account.
(ii) It will be very interesting to introduce a magnetic field and study the revolving torus along with
the magnetic field’s effect on Berry phase and Hannay angle. The magnetic field can be of poloidal,
toroidal or arbitrary nature.
(iii) A natural and non-trivial generalization would be to consider a generic form of torus that is, a
deformed torus, compared to the canonical (regular) form of torus studied here. This will indicate
how general (or topological) our results are. A possible way to do it is to work with a toroidal
coordinate system and then try to see effects of small variations about fixed c and a. The same goes
for generic nature of loops as well. Another interesting aspect is to generalize the present analysis
to higher genus surfaces.
(iv) A non-trivial demonstration of the topology of the two-torus, (on which the particle trajectories
are embedded), would be to consider particle paths that cover the whole toroidal surface with the
torus itself subjected to adiabatic rotation about the symmetry axis. The dynamics will still be
integrable. In this case there will appear two Hannay angles (instead of one for paths on a sphere).
(v) As a practical realization in the classical context one can think about a particle possessing a
constant vector fixed on it such as a spinning top or a gyroscope, (though in case of top the spin
vector is radial whereas we have considered the vector to have vanishing radial component), with
the particle sliding over a torus. In an optical setup one can think of light moving in a torus knot
loop of optical fibre [12]. It is an open problem for experimentalists to construct time dependent
magnetic fields that can simulate noncontractible cycles in parameter space.
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